Thermodynamic profiling using ground-based remote sensing instruments such as differential absorption lidar (DIAL) has the potential to fill observational needs for climate and weather-related research and improve weather forecasting. The DIAL technique uses the return signal resulting from atmospherically scattered light at two closely spaced wavelengths to determine the range-resolved absorption coefficient for a molecule of interest. Temperature profiles can be retrieved using a temperature-sensitive absorption feature of a molecule with a known mixing ratio such as oxygen. In order to obtain accuracies of less than 1 K, the narrowband DIAL equation must be expanded to account for Doppler broadening of molecular backscatter, and its relative contribution to the total signal, the backscatter ratio, must be known. While newly developed low-cost high spectral resolution lidar (HSRL) can measure backscatter ratio with sufficient accuracy, the frequency-resolved DIAL equation, even with this information, remains transcendental, and solving it for temperature can be computationally expensive. In this paper, we present a perturbative solution to the frequency-resolved DIAL equation when we have an HSRL providing the required ancillary measurements. This technique leverages perturbative techniques commonly employed in quantum mechanics and has the ability to obtain accurate temperature profiles (better than 1 K) with low computational cost. The perturbative solution is applied to a modeled atmosphere as an initial demonstration of this retrieval technique. An initial estimate of the error in the temperature retrieval for a diode-laser-based O 2 DIAL is presented, indicating that temperature retrievals with an error of less than 1 K can be achieved in the lower troposphere. While this paper focuses on temperature measurements, the perturbative solution to the DIAL equation can also be used to improve the accuracy of retrieved number density profiles.
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INTRODUCTION
Temperature and water vapor are two fundamental thermodynamic variables that help define the state of the atmosphere. The atmospheric temperature and water vapor fields influence many important atmospheric processes, including radiative transfer, which influences both the global energy and water cycles, mesoscale circulation, convective initiation, and vertical stability, which influences clouds, precipitation, and extreme weather events such as severe thunderstorms and land surface-atmosphere feedback. The importance of thermodynamic profiling has been underscored by a series of recent National Research Council reports [1, 2] as well as a recent report to the National Science Foundation and National Weather Service [3] . A recent review article by Wulfmeyer et al. [4] details the state of remote sensing of lower tropospheric thermodynamic profiles. The work demonstrates that huge observational gaps exist with respect to thermodynamic profiling in the lower troposphere. Low-cost ground-based passive and active remote sensing systems are suggested by Wulfmeyer et al. [4] as the best means to close these observational gaps and are essential for continued progress in weather and climate research. For significant scientific impact, it is anticipated that several hundred instruments would be required to adequately cover an area the size of the continental United States [1] . While low-cost groundbased active remote sensing instruments have been demonstrated for measuring water vapor profiling [5] [6] [7] [8] [9] [10] and quantitative aerosols [11] , their development for temperature profiling is still needed.
Several techniques are described in the recent literature to measure atmospheric temperature using lidar systems. Shimizu et al. [12] proposed a high spectral resolution lidar (HSRL) that uses a series of atomic blocking filters with varying transmission bandwidths as a means of retrieving thermodynamic and aerosol profiles. The authors showed via modeling that using two blocking filters of varying width allowed a temperature profile to be retrieved based on the temperature-dependent linewidth of the Rayleigh scattered light. Yet, while several HSRL instruments are operational and provide valuable information regarding atmospheric aerosols, temperature profiling is not common and relies on techniques that compound errors and generally cannot meet the time-resolution requirements needed for continuous temperature monitoring for weather prediction. The current cutting-edge HSRL technique employed by the University of Wisconsin-Madison HSRL uses two iodine cells with different notch widths to attempt to resolve differences in molecular backscatter linewidth in range [13] . This difference in linewidth can then be related to temperature. Unlike previous HSRL-based approaches [14] , it is not iterative in range, so error does not compound in altitude. It is able to accurately reproduce the temperature profile shape but generally needs an observation in the troposphere (above overlap) to obtain absolute temperature [13] . This measurement uses an HSRL with a relatively high power frequency-doubled Nd:YAG laser transmitter. Making the leap to network-deployable instruments with this technique does not appear promising due to the high-power requirements and instrument cost.
The most successful active remote sensing temperature profiling to date utilizes the rotational Raman technique for temperature measurements [15] . This technique uses Ramanshifted backscatter resulting from rotational energy state transitions in atmospheric nitrogen, N 2 , and oxygen, O 2 [16] [17] [18] [19] [20] . The Raman lidar receiver uses narrow bandwidth filters to detect two bands in the pure rotational Raman spectrum that have different temperature dependence resulting from the Boltzmann population distribution. The ratio of the rotational Raman scattered signal in these two channels is temperature dependent, allowing a temperature profile to be retrieved. Measurement accuracies on the order of 1 K in the troposphere with spatial and temporal resolutions of approximately 100 m with 5-10 min averaging times have been demonstrated [16] . The major advantage of the rotational Raman lidar for temperature measurements is that a relatively simple laser transmitter can be used; typically, the second or third harmonic of an Nd:YAG at 532 or 355 nm, respectively [17] [18] [19] [20] [21] [22] . Furthermore, the Raman lidar can simultaneously retrieve temperature and water vapor profiles depending on the receiver configuration. The challenges associated with the Raman lidar include the need to calibrate the instrument for both temperature and water vapor profiles [23] . The variability in the calibration constant measured using a Raman lidar at the atmospheric radiation measurement facility at the Southern Great Plains site showed no significant long-term variability but did show diurnal variability based on a comparison with a radiosonde launched every 6 h [21] . Furthermore, the Raman scattering cross section is more than three orders of magnitude smaller than the elastic scatter cross section [24] , requiring a high power laser transmitter to compensate for the weak nonlinear Raman scattering cross section, typically on the order of 5-10 W [25] [26] [27] . This can lead to difficulty in deployment due to the high power requirements, eye-safety risk, and staffing typically needed for operations. This safety deployment challenge-coupled with the typical high cost and maintenance needs of Raman lidarmakes it a poor candidate for large unattended networks.
A third option for active remote sensing technique for temperature profiling utilizes the differential absorption lidar (DIAL) technique. The DIAL technique has been shown to be well suited for water vapor profiling [28] [29] [30] [31] and has contributed to numerous scientific studies [32] [33] [34] . But its application to temperature profiling has been challenging to date. The DIAL technique for temperature profiling relies on retrieving the temperature-dependent absorption coefficient of an atmospheric constituent with a known mixing ratio such as O 2 [35] [36] [37] [38] . The absorption coefficient is found by measuring the backscattered signal at two closely spaced wavelengths; the first is associated with the molecular absorption feature and is referred to as the on-line wavelength, while the second is minimally affected by the molecular absorption feature and is referred to as the off-line wavelength. By comparing these two signals and knowing the spectroscopic details of the absorption feature and the laser light propagation, the absorption coefficient can be determined. This measured absorption coefficient is directly related to and can be used to retrieve atmospheric properties of interest such as temperature. The major advantages of the DIAL measurement technique, as compared with other active remote sensing techniques such as Raman lidar, are that it requires no calibration and that the elastic scattering cross section is approximately three orders of magnitude larger than the nonlinear Raman scattering cross section, which results in lower power requirements for the laser transmitter. This allows for eye-safe operation and lower transmitter costs, which are important for networkable operations. However, O 2 DIAL has largely been disregarded as a feasible solution to temperature profiling due to the requirements imposed on instrument hardware, which were previously unavailable, and the need for ancillary information that was not regarded as readily attainable. The following represented major barriers to implementing an accurate O 2 DIAL temperature measurement:
1. The systematic errors such as spectral purity [e.g., amplified spontaneous emission (ASE) less than 1%], spectral stability, matched beam direction, etc., must be reduced to the greatest possible extent. A complete list of these errors is covered in [37] .
2. The water vapor profile needs to be known to less than 2 g∕m 3 [35] . 3. The relative contribution of Doppler-broadened Rayleigh scattering to the total signal, backscatter ratio, must be known to about 5%, which is not possible with an elastic backscatter lidar using the Klett inversion [39] or the Fernald inversion [40] .
In the past, addressing these issues was a significant practical challenge and particularly ruled out the possibility of a network deployable O 2 DIAL; however, the newly developed DLB lidar technique now appears to be able to address all three of these issues. Semiconductor lasers and amplifiers used for the DLB lidar technique are able to deliver spectrally narrow, low spatial jitter beams that satisfy Requirement (1) above. Additionally, Weckwerth et al. [10] have shown the DLB water vapor DIAL has the capability to measure water vapor profiles to accuracies better than 1 g∕m 3 to address Requirement (2), and a DLB high spectral resolution lidar has now been demonstrated by Hayman and Spuler [11] , which provides a direct observation of backscatter ratio, thus addressing Requirement (3). Though not stated in the authors' published work, the DLB-HSRL is able to obtain backscatter ratio estimates with errors less than 5% through the lower troposphere at 10 min time scales. Thus, recent advances in diode lasers and DLBbased instruments provide new opportunities to revisit temperature measurements using the O 2 DIAL technique.
While major barriers to temperature retrievals using DIAL may now be addressed, solving the DIAL equation for temperature remains a challenge. Theopold and Bösenberg [37] and Bösenberg [38] developed a theoretical treatment for the frequency-resolved DIAL equation, but the solution for temperature is transcendental; thus, the relationship between the oxygen absorption coefficient and temperature is nonlinear, and the atmospheric pressure must be known. Numerical solvers will need to be employed to obtain temperatures from observations, which can be computationally expensive.
In this paper, a perturbative solution to the general DIAL equation is developed as a means of rapidly solving the DIAL equation using ancillary measurements of water vapor and backscatter ratio. The approach leverages techniques often employed in quantum mechanics and allows us to increase retrieval accuracy by adding additional solution orders. Using a modeled atmosphere, the efficacy of the perturbative solution for retrieving the absorption coefficient is explored for various atmospheric conditions. We estimate that temperature retrievals with an accuracy of 1 K below 3.4 km is possible. This paper is organized as follows. Starting with the DIAL equation presented by Bösenberg [38] , the perturbative solution is developed in Section 2. Using a modeled atmosphere, the efficacy of the perturbative solution for retrieving the absorption coefficient and temperature profiles is discussed in Section 3. In Section 4, an initial error estimate for the temperature retrieval using a DLB-based O 2 DIAL is presented. Finally, brief concluding remarks are presented in Section 5.
THEORY
The DIAL equation, which relates the return signal from the on-line and off-line channels of the DIAL instrument to the atmospheric parameters, was developed by Theopold and Bösenberg [37] and Bösenberg [38] and can be written
where N r is the return signal from range r, the subscripts 1 and 2 refer to the on-line and off-line wavelengths, respectively, ΔR cτ 2 is the range bin size with c being the speed of light and τ the pulse duration (if range averaging is being used, τ would refer to the time this averaging occurs over rather than the pulse duration). The effective absorption coefficients for the outgoing (subscript u) and return (subscript d ) propagating light for the on-line wavelength are
and
where h 1 and h 2 are the on-line and off-line laser lineshapes, respectively, α m ν, r is the molecular absorption coefficient, and T m ν, r exp− R r 0 α m ν, r 0 dr 0 is the one-way transmission resulting from molecular absorption. The term
is the lineshape of the backscattered light, where BSR is the backscatter ratio, and h 1 ν ⊗ l ν, r is the convolution of the on-line laser lineshape and the Doppler-broadened lineshape in frequency, and Eν is the DIAL receiver spectral filter transmission function. Similar terms can be written for α u,eff ,2 r and α d ,eff ,2 r at the off-line wavelength. The terms G 1 r and G 2 r, corresponding to the on-line and off-line wavelengths, respectively, help account for the Doppler broadening of the scattered return signals and depend on both the lineshape and the derivative of the lineshape of the scatter light. For the on-line wavelength, we write the equation for G 1 r as
A similar term, G 2 r, can be written for the off-line wavelength. The DIAL equation can be simplified. First, the laser transmitter linewidth for many DIAL instruments is narrow compared with the molecular absorption linewidth and the Doppler broadened linewidth associated with molecular scattering. Treating the on-line and off-line laser lineshape as a delta function, the following simplifications result. The effective absorption coefficient for the on-line and off-line frequencies for the outward traveling light take on the simple form α u,eff ,1 r α m,1 r and α u,eff ,2 r α m,2 r, while the effective absorption coefficient for the return traveling light takes the simple form α d ,eff ,2 r α m,2 r, where α m,1 r and α m,2 r are the molecular absorption coefficient at the on-line and off-line wavelengths, respectively. The convolution of the on-line laser lineshape and Doppler-broadened lineshape simplifies, so that h 1 ν ⊗ l ν, r l ν, r. One further simplification for the DIAL equation is discussed by Bösenberg [38] . The correction term for the off-line wavelength, G 2 r, which relates the change in the spectral distribution due to the scattering process, is vanishingly small due to the small molecular absorption at the off-line wavelength and can be set to zero. With these assumptions, we can now write the DIAL equation as
First, consider the effective absorption coefficient for the return propagating light at the on-line wavelength, α d ,eff ,1 r. The on-line molecular absorption coefficient, α m,1 ν, r, can be written
where f ν, r is the absorption lineshape with a maximum value of 1 at the absorption line center. Using the above equation and adding and subtracting allows us to write the effective return propagating absorption coefficient for the on-line wavelength as
where
The major contribution to the backscatter signal occurs near the line center, where 1 − f ν, r is small, implying that W r is small compared with 1. We may now write the DIAL equation as
The goal of the DIAL equation is to use the measured return signals to retrieve the absorption coefficient α m,1 r. However, Eq. (10) cannot be solved directly for α m,1 r, so a perturbative solution is developed based on an expansion of the molecular absorption coefficient so that
where α 0th r is the zeroth order molecular absorption coefficient, and Δα 1st r and Δα 2nd r are the first and second order molecular absorption coefficient correction terms. Furthermore, in Eq. (10), the terms W r, as discussed above, and G 1 r, as discussed in Bösenberg [38] , can be treated as small correction terms. The atmospheric transmission resulting from molecular absorption, T m ν, r, which is needed for the W r and G 1 r terms, is given as 
Because W r and G 1 r are being treated as first order terms, the atmospheric transmission calculated to the first order and inserted into W r and G 1 r will result in first and second order terms. Using Eq. (12), we write the term G 1 r as
where ην, r and ζν, r are substitution variables introduced for the sake of brevity and defined as
and ζν, r g 1 ν, rEνT m0th ν, r:
Recognizing the term 1 − T m1st ν, r is small, the term in the curled brackets in the denominator can be expanded using a binomial expansion to write
The first term on the right-hand side of the above equation is a first order term and will be denoted ΔG 1st r, while the terms in the large square brackets are second order terms and will be denoted ΔG 2nd r. Using a similar argument, we can now write the term W r as
Again, the first term on the right-hand side of the above equation is a first order term and will be denoted ΔW 1st r, while the terms in the large square brackets are second order terms and will be denoted ΔW 2nd r. 
The terms on the right side of the equation depend only on α 0th r and allow the first order correction, Δα 1st r, to be retrieved using the solution obtained from Eq. (20) .
The terms on the right side of the equation depend on α 0th r and Δα 1st r, which have already been retrieved in the zeroth and first order DIAL equations. This allows Δα 2nd r to be retrieved using the results from Eqs. (20) and (21). This analysis shows the results through the second order perturbative solution. Higher order perturbative terms can be considered, which will improve the accuracy of the retrieval but will also increase the complexity of the retrieval process.
MODELING RESULTS

A. Atmospheric Model
The modeled atmosphere includes both a temperature profile and an aerosol and molecular backscatter profile. Two temperature profiles will be used for the modeled atmosphere; the first temperature profile uses a lapse rate of −7 K∕km and is shown as the solid line in Fig. 1(a) . The second temperature profile uses the same lapse rate but has a temperature inversion of 1.5 K centered at 1.5 km and is shown as the dashed line in Fig. 1(a) . The aerosol backscatter profile uses the average summer aerosol profile model developed by Sasano [41] . This aerosol profile was based on three years of observation data collected during fair weather at a mid-latitude site. The temperature, pressure, and molecular backscatter profiles are calculated using the model presented in Kovalev and Eichinger [42] using a surface temperature of 20°C and a surface pressure of 1 atm. The spectral distribution of the molecular backscatter is calculated using the model presented by Shipley et al. [43] . The aerosol backscatter coefficient profile is shown as the blue line in Fig. 1(b) . The molecular backscatter coefficient profiles are shown in Fig. 1(b) as the red lines; the solid line represents no temperature inversion, while the dashed line includes the temperature inversion. The total backscatter coefficient is shown as the black line in Fig. 1(b) ; the solid line represents no temperature inversion, while the dashed line includes the temperature inversion. Selecting the O 2 absorption line for temperature profiling using the DIAL technique is a trade-off between the temperature sensitivity and line strength. Using the analyses presented by Korb and Weng [36] and Theopold and Bösenberg [37] , the absorption feature used for the modeling has a line strength of S 0 1.08 × 10 −25 cm 2 mol −1 cm −1 , a collisional half-width γ L 0.0362 cm −1 , and a ground-state energy E 1248.204 cm −1 . The absorption coefficient as a function of range is shown in Fig. 1(c) ; the solid line represents no temperature inversion, while the dashed line includes the temperature inversion.
B. Modeling the Retrieval of the Absorption Coefficient
A plot of the error as a function of range for the retrieved absorption coefficient is presented in Fig. 2 . The red, blue, and purple lines indicate the relative deviations of the zeroth, first, and second order retrieved absorption coefficient, respectively; while the solid and dashed lines represent no temperature inversion and temperature inversion, respectively. For the zeroth order retrieved absorption coefficient, the error ranges between −4.1% at 0.3 km, the lowest range at which the retrieved absorption coefficient is calculated, to −28.3% at 5 km. For the first order retrieved absorption coefficient, the error ranges between −0.19% at 0.3 km and −6.4% at 5 km. For the second order retrieved absorption coefficient, the error ranges from −0.041% at 0.3 km to −1.6% at 5 km. Each of the successive perturbative solutions improves the accuracy of the retrieved absorption coefficient. It is expected that this trend would continue, but the complexity of each perturbative order will grow along with the computational time.
The lineshape of the molecular absorption feature, f ν, r, is dominated by pressure broadening in the lower troposphere. Choosing a lapse rate, γ, and knowing the surface temperature, T s , and surface pressure, P s , allows the temperature and pressure profiles to be initially approximated using T r T s γr and Pr P s T s ∕T r −5.2199 [42] . With these temperature and pressure profiles, the lineshape of the molecular absorption feature can be calculated using the information provided in the HITRAN database [44] .
The atmospheric model uses a lapse rate of −7 K∕km. The perturbative retrieval requires an initial estimate of the lapse rate to complete the retrieval. This initial lapse rate used in the retrieval, as compared with the actual atmospheric lapse rate, will affect the accuracy of the retrieval. To estimate the error in the retrieved absorption coefficient based on an assumed lapse rate for the retrieval, the second order absorption coefficient was calculated assuming a range of lapse rates. The error as a function of range for the retrieved second order absorption coefficient is shown in Fig. 3 as the red, blue, purple, yellow, and green lines for lapse rates from −5 K∕km to −9 K∕km used to calculate the lineshape, f ν, r, in 1 K increments. The black solid line represents an error of 0% and is shown for reference. The maximum error, which occurs at 5 km, ranges from −4% for a lapse rate of −5 K∕km used in the retrieval to 0.8% for a lapse rate of −9 K∕km used in the retrieval, while the lapse rate of −7 K∕km was used to model the atmosphere. The issue of initially estimating the temperature profile to be used in the perturbative retrieval will be discussed further in Section 3.D, where an iterative approach is described.
C. Modeling the Temperature Retrieval
The molecular absorption cross section of O 2 is temperature dependent (the absorption cross section for atmospheric molecular species is generally well established in databases such as HITRAN). Retrieving the range-resolved molecular absorption cross section from the DIAL data can then be used to retrieve the range-resolved temperature. The differential absorption coefficient is found from [36] 
where q O 2 is the mixing ratio of O 2 , which is 20.95%, q H 2 O r is the mixing ratio of water vapor and requires an additional measurement, P is the pressure, k B is the Boltzmann constant, T is the temperature, ST , E is the temperature dependent line strength, E is the ground-state energy, and gν − ν 0 , P, T is the normalized Voigt lineshape function. The temperaturedependent line strength is [36, 37] ST , E S 0
where S 0 is the line strength at temperature T 0 , h is the Planck constant, and c is the speed of light. The temperature-dependent line strength depends on both the ground-state energy level, E, and the line strength S 0 . Using Eqs. (23) and (24) and the modeled atmosphere, which includes the temperature and pressure profiles and the O 2 mixing ratio, the absorption coefficient can be calculated as a function of temperature and range. Defining the temperature deviation, ΔT , as the difference between the temperature used to calculate the absorption coefficient at a particular range and the model atmosphere temperature at that range, a plot of the percent change in the absorption coefficient as a function of temperature deviation is shown in Fig. 4 . The black line corresponds to a 1 km range, the red line corresponds to a 3 km range, and the blue line corresponds to a 5 km range. 3 . Error in the second order retrieval of the absorption coefficient as a function of range. The temperature lapse rate for the modeled atmosphere was −7 K∕km, while the lapse rate used to calculate the absorption lineshape was varied. The red (blue, purple, yellow, green) line represents the error in the retrieved absorption coefficient when a lapse rate of −5 K∕km (−6 K∕km, −7 K∕km, −8 K∕km, −9 K∕km) was used in the calculation of the absorption lineshape.
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Using data shown in Figs. 2 and 4 , the retrieved temperature profiles can be estimated. A plot of the temperature deviation, the difference between the retrieved temperature and the modeled temperature, for the zeroth, first, and second order retrieved temperature profiles as a function of range are shown in Fig. 5 as the blue, red, and purple lines, respectively. The dashed black lines indicate a 1 K error in temperature. The zeroth order retrieval sees a maximum error of −11.6 K, while the first order retrieval sees a maximum error of −2.6 K, and the second order retrieval sees a maximum error of −0.7 K. The perturbative solution greatly improves the accuracy of the temperature retrieval. The above results demonstrate the effectiveness of the perturbative solution for an atmospheric model with a simple temperature profile that can be estimated using a lapse rate. However, for a more complex atmospheric temperature profile, an iterative solution needs to be developed. The iterative approach is presented in the following section.
D. Iterative Approach for Estimating the Temperature Profile
The perturbative solution for retrieving the absorption coefficient relies on an assumed input temperature profile to initiate the inversion. This assumed input atmospheric temperature profile, when different than the actual temperature profile, can result in errors in the retrieved absorption coefficient, as seen in Fig. 3 . However, an iterative approach can be used to complete the retrieval of the absorption coefficient. The iterative approach uses a first guess at the atmospheric temperature profile to initiate the inversion to obtain the absorption coefficient along with a new temperature profile. This new temperature profile is then used to complete a second inversion, providing an updated absorption coefficient and temperature profile. This process is repeated until the assumed temperature profile matches the retrieved temperature profile.
For the calculations presented in this section, the modeled atmosphere is shown in Fig. 6 . Figure 6(a) shows the modeled atmospheric temperature profile as the solid black line; the dashed black line shows the initial guess at the temperature profile used for the first iteration of the second order perturbative retrieval. Figure 6(b) shows the modeled aerosol, molecular, and total backscatter coefficients as a function of range as the blue, red, and black lines, respectively, while Fig. 6(c) shows the absorption coefficient as a function of range. This modeled atmosphere uses a much larger temperature inversion in the lower part of the atmosphere and cannot be modeled using a simple lapse rate. Thus, this modeled atmosphere was chosen to demonstrate the effectiveness of the iterative approach.
A plot of the error in the retrieved absorption coefficient as a function of range is shown in Fig. 7 . The blue line indicates the error after the first iteration of the retrieval. Even though the difference between the modeled temperature profile and assumed temperature profile used for the initial retrieval differs by as much as 20 K at 2 km and 23 K at 5 km, the error in the retrieved absorption coefficient has a maximum value of 6.5% at 4.7 km. The red and purple lines indicate the error after the second and third iteration of the retrieval. The maximum error in the retrieved absorption coefficient for the second and third iteration for the retrieved absorption coefficient is −2.3% and −1.3%, respectively, with both occurring at 5 km.
Using the data shown in Figs. 4 and 7, the temperature deviation as a function of range is shown in Fig. 8 . The initial temperature deviation between the modeled atmosphere and the initial temperature profile used in the retrieval is shown as the solid black line. The temperature deviation after the first, second, and third iteration of the retrieval is shown as the blue, red, and purple lines, respectively. The dashed black lines show a temperature deviation of 1 K and are shown for reference. The maximum temperature deviation for the first iteration is 2.8 K and occurs at 4.7 km, while the maximum temperature deviation for the second iteration is −1.1 K and occurs at 5 km, and the maximum temperature deviation for the third iteration is −0.6 K and occurs at 5 km. This iterative solution for this modeled atmosphere converges rapidly, as seen in Figs. 7 and 8 , even though the initially assumed temperature profile varied by up to 23 K compared with the modeled temperature profile.
MODELING INSTRUMENT PERFORMANCE
DLB micropulse DIAL and HSRL instruments operating at 828.2 and 780.3 nm, respectively, have recently been demonstrated. The DLB-based DIAL is a flexible instrument architecture that can operate over a broad spectral range in the near-infrared, including the 769.2 nm wavelength needed for DIAL temperature measurements based on profiling atmospheric oxygen. Based on the current DLB micropulse DIAL operating at 828.2 nm, the expected instrument parameters for the O 2 DIAL for temperature profiling are given in Table 1 . Using the parameters in this table, a differential error analysis can be done to estimate the error in the retrieved O 2 absorption coefficient based on the counting statistics of the on-line and off-line return signals. The error based on the differential error analysis can be estimated from Spuler et al. [9] as
where d α m,1 r α m,1 r is the error in the retrieved O 2 absorption coefficient, m is the number of outgoing laser pulses averaged over, and N 1 r and N 2 r are the number of photons seen by the Fig. 7 . Error in the retrieved second order molecular absorption coefficient as a function of range. The blue, red, and purple lines correspond to first, second, and third retrieval iteration. Research Article detector for each outgoing laser pulse at the range r for the on-line and off-line wavelengths, respectively. The error in the retrieved absorption coefficient as a function of range is shown in Fig. 9 as the red line. This error ranges from 0.034% at 0.3 km to 7.45% at 5 km. The HSRL retrieval uses a measured molecular backscatter and total backscatter signal to determine the backscatter coefficient. The backscatter ratio (BSR) is defined as the ratio of total backscatter (molecular and aerosol), β t , to molecular backscatter, β m , and is obtained from HSRL observations using
where N t r and N m r are the counts seen by the detector for the total and molecular channels, respectively, and ε t and ε m are the transmission for the optical elements unique to the total and molecular channels, respectively. The backscatter ratio is needed to obtain a correction for Doppler broadening from Rayleigh scatter in the O 2 DIAL; thus, the HSRL provides a direct observation of the quantity of interest. The only calibration terms are ε t and ε m r, which are determined using receiver scans in combination with temperature and pressure profiles obtained through the hydrostatic equation. The dependence on the atmospheric state parameters is quite weak, and obtaining backscatter ratio estimates of better than 5% can be accomplished with a relatively simple atmospheric model. The DLB-HSRL described in Hayman and Spuler [11] is able to obtain backscatter ratio estimates with errors below 5% up to 5 km in clear air conditions at 10 min resolution. The error in the retrieved O 2 absorption coefficient as a function of range resulting from error in the HSRL retrieval of the BSR is shown as the blue line in Fig. 9 and reached a maximum value of 0.52%. The error resulting from the second order perturbative solution is shown for reference as the green line in Fig. 9 . Adding the error contribution from the error analysis for the O 2 DIAL, the HSRL, and the retrieval algorithm in quadrature, the total error for the retrieved O 2 absorption coefficient is shown as the black line in Fig. 9 . The error associated with the O 2 DIAL resulting from the photon counting statistics is the largest contributor to the overall error in the retrieved O 2 absorption coefficient.
The error in the temperature retrieval can now be estimated using the error in the retrieved O 2 absorption coefficient, as discussed in Section 3.C, and the error associated with the HSRL retrieval of the BSR and counting statistics of the O 2 DIAL retrieval of the absorption coefficient, as discussed above. A plot of the temperature deviation as a function of range is shown in Fig. 10 . The error in the retrieved temperature is less than 1 K below 3.4 km.
It should be noted that, if the perturbative solution is not used to correct for the Doppler broadening of the molecularly scattered light, the temperature deviation ranges from between −2 K and −10 K (see Fig. 5 ), which is much greater than the accuracy needed for meaningful measurements. These results are in line with the analysis presented in the literature [37, 38] .
With the recent demonstration of the DLB-based water vapor DIAL and HSRL instruments, revisiting the DIAL temperature retrieval is warranted because the HSRL measurement provides a potential path to account for the Doppler broadening in the molecularly scattered light using the perturbative technique presented in this paper. The potential to make meaningful temperature measurements in the lower troposphere using DLB-based DIAL and HSRL instruments may provide an opportunity to develop thermodynamic profiling capabilities in the lower troposphere using networks of DLB-based instruments.
CONCLUSION
The need for ground-based thermodynamic profiling tools has been expressed by the research community and in the literature. These ground-based instruments need to provide accurate retrievals of the thermodynamic profiles of water vapor and temperature while providing autonomous and networkable operations. The DLB DIAL and HSRL architecture are currently operational and are capable of monitoring water vapor and aerosol profiles over extended periods of time and have been shown to yield accurate retrievals. Using the same DLB architecture, a DIAL instrument monitoring atmospheric O 2 provides a potential pathway for temperature profiling by including observations of water vapor from a water vapor DIAL and backscatter ratio from a DLB HSRL for correction terms. However, solving the frequency-resolved DIAL equation can only be accomplished numerically. A perturbative solution to the full DIAL equation was presented. The perturbative solution improves the accuracy of the retrieved absorption coefficient and temperature profiles. For the modeled atmosphere shown in Fig. 1 , the perturbative retrieval improves the accuracy from −28.3% for the zeroth order solution to −1.6% for the second order solution at 5 km, while the temperature deviation is reduced from −11.6 K for the zeroth order retrieval to −0.7 K for the second order retrieval at 5 km. Furthermore, the perturbative solution has the potential to operate in real time, allowing temperature retrievals to be used to improve weather forecasting models. While the work presented in this paper focused on temperature retrievals, the perturbative solution can play a role in improving the number density profiles retrieved from DIAL instruments as well.
The modeling of the DLB O 2 DIAL indicates that temperature retrievals of 1 K are feasible in the lower troposphere. Using the perturbative solution based on the ancillary HSRL data minimizes the bias associated with the Doppler broadening of the Rayleigh scatter light, which has, up until the present, hindered development of temperature profiling based on the DIAL technique. The modeling of DLB O 2 DIAL instrument performance indicates that the major source of error is related to the counting statistics. This can be further improved by increasing the output pulse energy and lengthening the integration time.
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